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Abstract 

The invariant measures T for the exclusion process have long been studied and a complete 
description is known in many cases. This paper gives characterizations of X for exclusion pro- 
cesses on Z with certain reversible transition kernels. Some examples for which X is given include 
all finite range kernels that are asymptotically equal to p{x,x + 1) = p{x,x — 1) = 1/2. One 
tool used in the proofs gives a necessary and sufficient condition for reversible measures to be 
extremal in the set of invariant measures, which is an interesting result in its own right. One 
reason that this extremality is interesting is that it provides information concerning the domains 
of attraction for reversible measures. 

Keywords: Exclusion process; Invariant measures; Extremal invariant measures; Domains of at- 
traction 

1 Introduction 

Given a countable set S and a corresponding probability transition function p{x,y) satisfying 
supy y) < (Liggett(1985)) constructs and describes the exclusion process on {0, 1}'^. 

Its generator is given by the closure of the operator ^l on X'({0,1}'^), the set of all functions on 
{0, 1}"^ that depend on finitely many coordinates. If / G Z^({0, l}"^) and -q^y is defined as 

{rj{y) li u — X 
■q{x) \iu = y 
r]{u) iiu^x,y 

then 

^fiv)^ E pi^^y)[fiv.y)-fiv)]- 

ri{x) = l,ri{y)=0 

The semigroup of this process will be denoted by S{t). 

When p{x, y) = p{y, x) the process has been completely studied in that a full description of its 
invariant measures is known as well as their respective domains of attraction. The asymmetric 
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exclusion process on the other hand has been much more elusive. General classes of invariant 
measures are known in the two cases where p{x,y) is doubly stochastic (i.e., ^^^sP{x,y) = 1 for 
all y G iS) or when there exists a reversible measure -k{x) > on 5 (i.e., a measure satisfying 
Tr(x)p{x,y) = Tr(y)p(y,x)). However, a complete description of X is known only in the three cases 
when either 

(a) p{x, y) is reversible and positive recurrent for either the particles or holes (I's or O's) (Liggett(1976)) 

(b) p{x,y) corresponds to certain random walks on Z (Liggett(1976) and Bramson, Liggett, and 
Mountford(2002)) or 

(c) p{x,y) corresponds to a birth and death chain on Z+ (Liggett(1976)). 

Almost nothing is known about the domains of attraction concerning invariant measures in the 
asymmetric case, although we note here that there are some nice theorems concerning the case 
where p{x,y) is an asymmetric simple random walk on Z (see Liggett(1999)). 

Our purpose in this paper is to shed some more light on the problem of classifying T and its 
respective domains of attraction for the asymmetric exclusion process when a reversible measure 
■k{x) exists for p{x,y). In order to describe the results of this paper we must first discuss case (a) 
and state a special case of (b) above. 

We start by stating what is known for the mean zero case of (b). Let Vp be the product measure 
on {0,1}'^ with marginals i^pir] : r]{x) = 1} = p. Liggett(1976) uses a coupling of two exclusion 
processes to show that when p{x, y) = p(0, y — x), |x|p(0, x) < oo, and xp{0, x) = on Z the 
set of extremal invariant measures is 

Ie={l^p-0<P< !}■ (1) 

Before describing the invariant measures for case (a), we define some extremal reversible invariant 
measures {i/^"^} when a reversible measure 7r{x) satisfying 

^7r(a;)/[l + 7r(x)]2 < oo (2) 

X 

exists. This family of extremal reversible measures was first discovered by Liggett. In particular, he 
breaks down |2Jl into three cases and writes 

1. If Tr{x) < oo, let An — {ij : '^^ ~ ^'^^ nonnegative integers n. 

2. If 1/Tr{x) < oo, let An = {rj : X^^I^ ^ Vx] = n} for nonnegative integers n. 

3. If +^(2;)]^ < 00, '^^T^{x) = 00, and ~ there exists a. T C S for 
which X]a;eT^(^) ^ °° ^^'^ X^x^t ^/''^i^) < 00. In this case, let 

xST x^T 

for integers n. 
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To define {i/^"^}, let v'^ be the product measure with marginals i''^{r] : rj{x) = 1} = y^^^^^- 
Liggett shows that the measures 

v^''\-)^v^{-\An) forneZ, 
^(oo) _ pointniass on 77(2;) = 1, 
j^(-oo) — lY^Q pointmass on ri{x) = 

are the unique stationary distributions for the positive recurrent Markov chains on A„. A simple 
consequence of Theorem B52 in Liggett(1999) is that the reversible measures {i^'"'} are extremal 
in the set of invariant measures. For the first two cases in the trichotomy of Q above, these are 
the only extremal invariant measures. These first two cases correspond exactly to (a) above. Note 
that changing T in the third case of the trichotomy above amounts to a relabeling of the sequence 
G Z}. 

Whenever a reversible measure 7r(a;) on S exists, the product measures {v'^} are well-defined. 
Theorem VIII. 2.1 in IPS tells us that these measures are invariant for the exclusion process. Applying 
Kakutani's Dichotomy (e.g. page 244 of Durrett(1996)) we have that 7r(x)/[l + Tr{x)Y = 00 is a 
necessary and sufficient condition for the measures {v'^ : < c < 00} to be mutually singular. Since 
all the results in this paper concern the reversible measures {i^'^}, we will assume throughout the 
rest of the paper that ■k{x) satisfying 7r(a;)p(x, y) = ■K{y)p{y, x) exists. 

In Section 12 we prove Theorem 12.11 which states that + '''(^)]^ = 00 is exactly the 

situation in which the measures v'^ are extremal invariant. Not only does this result have some nice 
applications, but knowing that an invariant measure is extremal in the set of invariant measures has 
always been an interesting question concerning particle systems. Examples of such results are The- 
orem III. 1.17 in Liggett(1999) and Theorem 1.4 in Sethuraman(2001). The main reason extremality 
of invariant measures is interesting is its close connection with ergodicity. This is seen by the ap- 
plication Theorem III. 1.17 in Liggett(1999) to prove Theorem III. 4. 8 in Liggett(1999) concerning 
the tagged particle process; it is again seen by the application of Theorem 1.4 in Sethuraman(2001) 
to certain central limit theorems given in Kipnis and Varadhan(1986). In particular, if the initial 
measure for a process is an extremal invariant measure then the process evolution is ergodic with 
respect to time shifts. 

Sections |31 and 01 use Theorem 12.11 to extract information about the invariant measures of the 
process on Z. In particular. Section |3| modifies Liggett's original proof of the result stated above 
equation to obtain the following result: 

Theorem 1.1. Let Z be irreducible with respect to a transition kernel p{x,y) for which there ex- 
ists a reversible measure '!r{x). Suppose qi{z) is a transition kernel such that J2z^1i(^) ~ ^ '^'^'^ 
X^ \z\qi{z) < 00 for i = \,2, and suppose that 

lim \p{x ^ X + z) — qi{z)\ — Q and lim a; -|- z) — 52(2)! = 0. (3) 

x>0\z\>\x-K\ x<a\z\>\x+K\ 

(a) IfY,:c'^i^)l\^ + ^(^)]^ = 00 thenle = : < c < 00}. 
W IfT.x^i^)/[^+^ix)f <oo thenl, = {v^''^. 

In essence the above theorem says that when the transition probabilities are asymptotically trans- 
lation invariant and have an asymptotic mean of zero, the reversible measures are the only invariant 
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measures. Theorem II .11 is merely an extension (in the case where Tr{x) exists) of the theorem proved 
by Liggett(1976) which is stated above equation iQJ. 

Condition Q may seem somewhat daunting, but note that if hma;^oc a; + z) = qiiz), 
\imx^-ooP{x,x + z) = q2{z), and p{x,y) has finite range (i.e. p{x,y) = if |a; — y| > n for 
some n), then (jS)) and |z|(7i(z) < oo are both automatically satisfied. Also, the below condition 
which is somewhat easier to grasp than (0) implies (PJ: 

\p{x, X + z) — qi{z)\ < oo and ^ ^ \p{x, x + z) — q2{z)\ < oo. 

x>0 z x<0 z 

A typical situation for which the theorem holds is when the transition rates are nearest-neighbor 
and are given by p{x, x + I) = p{x, x — 1) = 1/2 except for finitely many x. 

Note that the premises of the theorem together with the assumption that a reversible Tr{x) exists 
imply that qi{z) must be symmetric. To see this suppose qi{z) is not symmetric. Also, assume that 
gi(zi) > qi{—zi) > for some zi e N. We can do this without loss of generality since qi{z) > 
implies qi{—z) > by the reversibility of Tr(x). The mean zero assumption tells us there exists Z2 £ N 
such that qi{z2) < 5i(— Z2). If 23 is a multiple of both zi and Z2 then since p{x,x + z) ^ Qiiz) 
we can find Xi so that for x > xi, tt{x) < tt{x + Z3). But we can also find X2 so that for x > X2, 
Tr(x) > Tr{x + Z3), a contradiction. So qi{z) must be symmetric. The proof that q2{z) is symmetric 
follows similarly. 

The proof of the above theorem follows Liggett 's original outline and does not actually require 
Theorem 12.11 However, the usefulness of Theorem 12.11 is seen in the simplification of one part of 
Liggett 's original proof. 

In Section 21 we prove a theorem concerning the nearest-neighbor exclusion process on Z. For the 
statement of the theorem we will need the following definitions. 

Let C~ be the set of limit points of {Tr{x), x < 0} and be the set of limit points of {tt{x),x > 0}. 

Theorem 1.2. Suppose that inf |j._y|^i p(x, > for a nearest-neighbor exclusion process on Z. 
Then nonreversible invariant measures can exist only when either (a) Lt = {0} and = {00} or 
(b) C- = {00} and C+ = {0}. 

The above theorem in no way guarantees the existence of nonreversible invariant measures as seen 
by the following example. Let 

p(-l, -2) - p(-l, 0) = p(0, -1) = p(0, 1) - 1/2, (4) 

\x\ + 1 

pix, X + 1) = I — p(x, X — I) = — — — otherwise. 

21x1 

This transition gives us situation (a) in the theorem above. The reversible invariant measures {v''} 
certainly exist, but it is easy to see that condition (b) of Theorem 1 1.1 1 is satisfied by (0}, therefore 
there are no nonreversible invariant measures. 

A curious aside is as follows. If in this example we start this process off with initial measure Vp 
and take the limit of some converging sequence of measures 

^ f\pS{t)dt (5) 
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then Theorem 1.1.8 in IPS says that this hmit is an invariant measure for the process. In view of the 
previous discussion, this hmit must converge to some mixture of the extremal invariant measures 
< n < oo}. It would be interesting indeed to find out which mixture converges to. Note 
here that we started off with an initial state that concentrates on an uncountable number of states, 
but the limiting distribution concentrates on a countable number of states (which may very well be 
just the point masses of all O's and all I's). 

If p{x, y) is an asymmetric random walk kernel with nonzero mean then we have one of the situ- 
ations described in the theorem above, and one might correctly guess that there exists some nonre- 
versible invariant measure. In fact, a well-known result of Liggett(1976) proves that the measures 

{i^p : < p < 1} (6) 

are invariant measures. Since any limit of lO is invariant, we intuitively might have expected 
this. More precisely, if there were no nonreversible measures then this limit would presumably be a 
mixture of the reversible measures v'^. But it is intuitive that there is no mixture of v^^s to which 
this limit could converge, leading us to believe that the limit converges to some other measure. 

We note here that the set of measures in is the same as the set of measures in but are 
of an entirely different nature. In the setting of the measures {vp : < p < 1} are reversible 
and constitute the entire set of extremal invariant measures. On the other hand, under the current 
setting, the measures {vp '■ Q < p <\} are not reversible and 

Je = {i^p : < (0 < 1} U {i^^^ : < c < oo}. 

The discussion in the previous paragraphs might make us wonder for which transition kernels 
a nonreversible invariant measure exists. To gain more insight into the situation we introduce a 
concept known as the flux of an invariant measure /i. We will continue to assume that the transition 
probabilities are nearest-neighbor, but we will no longer assume they are translation invariant. Define 

flux(/x) = p{x, X + : ri{x) — 1, ri{x + 1) = 0} — p{x + 1, x)p,{r/ : r]{x) — 0, rj{x + 1) = 1}. (7) 

Let Ixif]) = vi^) be the indicator function of {rj{x) = 1}. By computing the positive and negative 
terms of the left-hand side of / rtl^d^ = it can be seen that flux(^) is independent of x. 

When an invariant measure p is reversible it can easily be seen from (O that flux(/i) — 0. So if 
an invariant measure exists whose flux is nonzero it must be nonreversible. For the process with 
p{x, a; -I- 1) > 1/2 and p{x, x — 1) = 1 —p{x, x + 1), the invariant measures {vp : < p < 1} all have a 
positive flux with the flux being maximized when p — 1/2 (a full discussion of this can be found in 
either Janowski and Lebowitz(1994) or Part III of Liggett(1999)). This positive flux is the reason 
why © is fundamentally different from It would be quite nice if one could prove that some 
nonreversible invariant measure exists whenever p{x,x -1-1) > 1/2 + e for all x. The e here serves 
the role of providing some positive flux in the limit. 

Finally, Section[Slwill apply Thcorcm l2.1l to give information concerning the domains of attraction 
(in the Ccsaro sense) of reversible measures in the case where 7r(x)/[l -I- 7r(x)]^ — oo. The results 
of Section only give sufhcicnt conditions for Ccsaro convergence to an invariant measure, but are 
nonetheless interesting since so little is known concerning domains of attraction for the asymmetric 
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exclusion process. The key known results concerning domains of attraction of asymmetric exclusion 
processes are stated in Andjel, Bramson, Liggett(1988). They concern the limiting distribution of 
exclusion processes with asymmetric nearest-neighbor random walk kernels when the initial measures 
are certain product measures. To get an idea of how difficult it is to prove anything of this sort, we 
refer the reader to Andjel, Bramson, Liggett(1988). 

The fact that Theorem 15 . II concerns Cesaro convergence rather than the usual weak convergence, 
while undesirable, is not so bad since many results in particle systems concern Cesaro convergence 
(see Section I.l in IPS). One notable example of this is the main result of Andjel(1986) which 
concerns the Cesaro convergence of certain initial product measures when the transition kernel of 
the exclusion process is an asymmetric nearest-neighbor random walk. In fact these results were 
later shown to be true for weak convergence (this was the goal of Andjel, Bramson, Liggett(1988)). 
We note here that Theorem 15.11 does not use the property of reversibility, therefore one can apply 
the theorem to situations in which one knows that a particular invariant measure is extremal in the 
set of invariant measures. 

2 Extremal reversible measures 

In this section we state and prove Theorem 12.11 The common technique used in the proof of this 
theorem and in the proofs of most of the other results in this paper is the coupling technique. We 
now define the basic coupling of r]t and which lets the two exclusion processes move together 
as much as possible. The generator for this coupling is the closure of the operator 17 defined on 
P({0,l}'5x{0,l}^): 

ri{x)=i{x)=iMy)=iiy)=o 
+ Pix,y)[fivxy,0~fiv,0] 

ri{x) = lMy}=0 and {i{y) = l or 5(a:)=0) 

+ E P{^,yMri,U)-f{ri,0]- 

i{x) = l,i{y)=0 and = l or v{x)=0) 

Theorem 2.1. Suppose S is irreducible with respect to p{x,y). Then the measures u'^ are extremal 
invariant if and only ifJ2x + ^(^)]^ = 

Proof. The discussion on page 383 of IPS shows that if 7r(x)/[l -I- 7r(a;)]^ < oo then the measures 
are not extremal invariant giving us one direction of the theorem. We will prove the other 
direction. 

Assume throughout that < c < oo. Since the measures i/° are invariant and since all bounded 
continuous functions can be approximated uniformly by functions that depend on finitely many 
coordinates then by Theorem B52 in Liggett(1999), we need only show that for any two functions / 
and g which depend on finitely many coordinates 

hrn^^ £ E-'y{r,o)g{vt)dt^ j f du' j g dv'^ . 
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We claim that to show the above equation holds, it is enough to show that for any finite A C S 
and for n^j^i-) = i^^iMv ■ v{x) = IVx G A}) 

Mm ^ r ^ll^Sit)dt = ,,^. (8) 

To see this define the measures ^^_^(-) — i^'^{-\{ri{x) = ({x)\/x £ A}) where C is a configuration on 
{0, 1}"^. We can write the measure i^^ as a linear combination 



where we use the convention that C, = i is the configuration in {0, 1}"^ such that ({x) — i for all 
X e A. For 

1 when ri{x) — 1 for all x in the finite set A 
otherwise 



fA = 

we have that 



lim i^^S'-V^ (77o).g(7?t)dt = ^11111^ ^^^ai I S[t)g{i^)dtJil^dt = j fAdu' j gdu^ 



__m — / E'^ f A(nn)a(m)dt = lim — / 

T- 

which proves the claim. 

Define /ig ^ similarly to the way we defined fJ^I a- If we assume a fixed A then we can drop the 
subscript A so as to write fxl = ^1 a- The rest of the proof will now argue that ((HJ holds. 

Choose (5 > and couple the processes rjt and using the basic coupling starting with measures 
and jjLi so that 770 and ^0 disagree only for x G A. In particular, since the basic coupling is the 
coupling which allows 774 and to move together as much as possible, then 'qt and can differ at 
most at n sites where \A\ = n. 

If there exists f such that for all T > T 

i j\iilS{t){m = 1} - /.§5(i){r,(0) = l}]dt < 5 



then we must have that 



hm - / ^l'iS{t){m = i}dt = hm - / ^ils{t){,m - m- 

T— 00 1 Jq T-+00 1 Jq 

Keeping in mind the way that rjt and are coupled, irreducibility then tells us that 

lim i r f,^,S{t)dt ^ lim 1 f ^,lS{t)dt. 

But the measure i^^ lies stochastically between the left-hand side and the right-hand side of the 
equation above, so in fact we must have that © holds. 

We can therefore assume to the contrary that there exists a 6 > and a sequence {T„} such that 

7^ r K^W{^(0) - 1} - ^^osmv{o) = mt > s (9) 

J-n Jo 
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for all n. 

Pick e > so that 

^'+^{^(0) = 1} - ly'-'MO) = 1} < 6/3. 

Using the basic coupling once more, couple the processes rjt and starting off in the measures /xj 
and 1^^+' so that Ai{(?7,^) : ri{x) < ^(x) for all x e ^\A} = 1 where Ai is the coupling measure. If 
jj,'^ = i''^{-\{r] : r}{x) = for some x £ A}) then 

for 7 — v'^{rj : ri{x) = Vix £ A}. Couple the measures fi'^ and in a way similar to Ai so that we 

get another coupling measure A2. 

Choose a subsequence {T„^ } so that we can define some limiting invariant measure 

1 /■'^"'^ 
u)i = hm — / XiS{t)dt. 

Let be the 77-marginal measure of loi so that in particular 

= lim ^— 

To complete the proof of the theorem we will need the following lemma: 
Lemma 2.2. > v^. 

Proof of lemma. Let fxi'H, ^) = [1 — r]{x)\S^{x), Dm = {(??, '■ vi^) > ^i^) a-t exactly m sites}, and 
D = Um>i ^'^^'^ ^ then it must be that a;i(D) > 0. We claim that this implies 

/ y] /xrfwi = 0. 

To prove the claim, assume to the contrary that fxdcJi > so that there exist sites for which 

ri{x) < £,{x). Let M be the largest m for which LUi{Dm) > 0. Then by the irreducibility condition 
and by the fact that there exist sites for which r]{x) < ^{x) we have uj\S{t){DM) < wi(£'m) for 
t > 0. But this is a contradiction to the invariance of Ui proving the claim. 

Now if the two processes rjt and have the measures u"^ and v"'^^ respectively then let cj be the 

coupling measure for {(?7t, ^t)} which concentrates on i/'^ < v'^^^ . For this coupling, the u) probability 
that fxiVji) = 1 for a given x is equal to the left-hand side below: 

(c + e)Tr{x) ctt{x) eTr{x) 

1 + (c + e)Tr{x) 1 + CTr{x) ^ [1 + (c + e)n{x)]'^ ' 

Since Tr{x)/[1 + 7r(a;)]^ = 00, by the Borel-Cantelli Lemma the u probability that J2x /a; = 00 is 
equal to 1. The measure ui is absolutely continuous with respect to ui since 

w = 7A1 + (1 - 7)A2 = 7^1 + (1 - 7) lim — / X2S{t)dt 

fe->oo Ink Jo 



[ filS{t)dt. 
Jn 
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where A2 is as defined above. Therefore fxduji = 00 for any set E with positive ui measure 

which contradicts fxdioi = so it must be that lui{D) — proving the lemma. □ 

We now turn back to the proof of the theorem. Since by the lemma we have v'^'^'^ > i^f , then there 
exists a K such that for all fc > X 

J-nk Jo 

If is some limiting measure of 

-'iifc, Jo 

then an argument similar to that used in Lemma |2 . 21 shows that v'^^'^ < Vq. There then exists an L 
such that for / > L 

i^'-'Mo) = 1} - 7^ f^osmm = m < 6/3. 

^rikj Jo 

Altogether we have for Z > i, 

-3- r^"' b^smm = 1} - ^^oSit)M0) - i}]dt < s 

-''ifc, Jq 

which contradicts inequality so it must be that (O holds completing the proof of the theorem. □ 



3 The asymptotically mean zero process on Z 

In this section we prove Theorem 11.11 To do so we will need to define T as the set of invariant 
measures for the basic coupling and Ig as its extreme points. 

Recall that fxiViO = [1 ^ vi^)]^{^)- order to simplify the notation we further define the 
functions 

hyxiv,0 = [1 - viy)][^ - i{y)]fxiv,0, 9yxiv,0 = v{yMy)fxiv,0, 
and fyx{v,0 = v{y)[^-^{y)]fx{v,0- 

In particular, for T a finite subset of S we have 



\xeT / xeT.ye 



ip{x,y)+p{y,x))fy,ir^,0 (10) 

\yes 

E [^^(^' y^9xy - p{y, x)gyx] + E ^P^y' ^^^^v ~ P^^' y)Kx\ ■ 

x£T,y^T xGT,y<^T 
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Proof of Theorem M.lX Let v £ 1. Then J fx)dv ~ for each finite T C Z so that for 

T[m.n\ — {x E "L : m < X < n\ we get 



^ {p{x,y)+p{y,x)) fy^dv (11) 
X! P{x,y) J {gxy - hy^)di^ + ^ p{y,x) J {h^y ~ gyx)dv. 



Notice that the left-hand side of this equation is increasing in n and — m, so that when we take the 
hmit as n — > oo or as —m — > oo, a Hmit exists. 

Choosing e > we can find N so that for n > N: 

X! $Z P{x,x + z)< \p{x,x + z)-qi{z)\+ Y l^kiC^) < I 



x>n+N z<n—x 



x>n+N z<n—x 



\z\>N 



Q<x<n z>n-x+N 



|z|>Ar 



Y X! P{^,x + z) <Y Y \p{x,x + z) - q2{z)\+ Y 1^192(2) < I 



x<0 z>n+N-x 



x<0 z>n+N-x 



\z\>N 



and 



Yj X! P(a^>a; + z)< ^ Yj \p{x,x + z) - q2{z)\+ ^ |z|g2(^;) < 



x<~n—N z>—x—n 



x<~n—N z>—x—n 



\z\>N 



Y pix,x + z)< Y H b(2;,a:^ + 2)-g2(2;)|+ ^ |2;|g2(2;) < I 



-n<x<0 z<—x — n — N 



-n<x<0 z<-x-n-N 



\z\>N 



Y Pix,x + z)<Y^ Y + + ^ |2|gi(z) < |. 



x>0 z<-n-N~x 



x>0 z<—n-N-x 



\z\>N 



Since the construction of the exclusion process assumes that sup^^ J2xP(^' v) finite (See IPS Chap- 
ter VIII) and since ^{gxy ~ hyx)dv < 1, the right-hand side sums in ({TT|l above are absolutely 
convergent for any fixed n and m. 

Now by the inequalities above and by J^J we can pass to the limit in (lll|l so as to write 



I — * — cxj n — >oo ^ — ^ J 



= lim y 

a:eT[o,7i],a>" 

+ lim 

m — * — 00 ^ — ^ 



1\{y - x) I {oxy - hyx)dv + qi{x -y) I {hxy - gyx)dv 



qiijj - x) I (gxy - hyx)dv + q2{x -y) / {hxy - gyx)dv 
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The right-hand side above is equal to 



-k 



91 (y - x) [gxy - hyx)dv + qi{x - y) / {h^y - gyx)dv 



(12) 



1™ 7 E E 



m— — 1 a^GT[^ 0] ,y<m 



92 (y - a;) / - hyx)dv + 92(2; - y) / - gyx)dv 



We will devote the next few paragraphs to showing that these limits are in fact equal to zero. 
Define the measures v'^ and v~ by choosing a subsequence Uj so that the following limits exist: 



lim — V, 

3^00 Uj ^-^ 



l<x<r. 



V = lim -^—r Vx 



where Vx is the x translate of ly. In the partial sums of (|12|l above, for j large enough each term 

9i(y -x) [gxy ~ hyx)dv 



appears \y — x\ times when qi{y — x) > Q, so we can write (|12|) as 

E / (5o^ - h^o)dv^ - zqi{-z) j {g^o - hoz)dv+] 

+ E ["^92(2) j {goz - h^o)dv^ + zq2{-z) j {gzo- Kz)dv^] 



(13) 



Now consider two coupled processes with transition rates equal to qi{z) and 92 (-z) respectively. 
The measures v'^ and v~ are translation invariant and are also invariant measures for the coupled 
process with respect to 91(2) and 92(2) respectively. In particular if Vli is the generator for the 
coupled process of qi{z), VL is the generator for the coupled process of p{x, y), and 



fiA,B) 



1 when r](x) — ^(y) = 1 for all x in the finite set A, y in the finite set B 
otherwise 



then 



j ^if(A,B)dv+ = ^hrn^ ~; E y" ^^f(A+x,B+x)dv = ^hrn^ " E _/ ^f(A+x,B+x)dv = 



l<.x<.nk ' 



where A-\- x the x translate A. 
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By Lemma VIII. 3. 2 in IPS we have / fxydv^ = for all x, y. We can therefore write as 
= Xvi + (1 — X)h'2 where vi concentrates on {(t?,^) : ?7 < ^} and 1^2 on {(77, '■ V ^ C}- Then 

J (9°^ ~ ^^o)dv^ = A y"(.go2 - hzo)dvx 
- Ah{(r;,e) : ?7(0) = 1,7/(2) = 0} - vr{(r^,i) : ,7(0) = ^(0) - l,r?(z) = - 0} 
+ v^{{t^, ■■ viO) = m = 1, Vi^) = e(2) = 0} - J^i{(ry, ^ ■ C(0) = 1, e(^) = 0}] 
= A[7.i{(r;, e) : 77(0) = 1, 77(2) = 0} - ;.i{(7y, : ^(0) = 1, ^(z) = 0}]. 



Because v'^ is translation invariant and invariant for the process with rates qi{z), vi is also since 
vi and V2 are mutually singular and = Ai^i + (1 — A)i^2- By Theorem VIII. 3. 9 in IPS, the marginals 
of vi are exchangeable, thus the right-hand side above is equal to a constant c"*" as is the expression 
J{9zo — hoz)dv^ . Similarly we have that J(goz — hzo)di'~ and /(g^o — ^oz)'^'^ are equal to a constant 
c~. Now by the mean zero assumption, we have that expression (|13|l is equal to 0, but since l|12(l 
and l|13|l are equal, we have in fact that 

J2 {Pi^, y) + P{y, ^)) I fxydi^ = (14) 

for each finite T C Z. 

By irreducibility, if / fxydv > for some x,y then J fxydv > for all x,y. Choose xq and yo 
such that p{xo,yo) + piyo, xq) > 0. By l|14(l and the nonnegativity of / fxydv, we must have that 
/ fxayodv = and thus / fxydv — for all x, y. Therefore v implies that 

v{{ri,Cl : 77 < ^ or ?7 > 1. 

If 7r(x)/[l + T^{x)Y — 00 we can use Theorem 12. II to pick G and v'^ G 2^- On the other 
hand if Tr{x)/[1 + 7r(a;)]^ < 00 we can use the analysis in the introduction to pick /i G le and 
£ 2e Since v{{r],£,) : 7; < ^ or 7; > ^} = 1, Proposition VIII. 2. 13 in IPS tells us there exists 
a coupling with invariant measure v where v has marginals ^ < v'^ ov ^ > v'^ in the first case and 
marginals jj, < t^'-"' or /i > i/*^"' in the second case. 

Take first the case where tt{x)/[\ + 7r(x)]-^ = 00. Supposing that [l ^ v^ ^ v°° , we have that 
there exists a cq for which v"^^ < fx for all ci < cq and ^ < i^'^^ for all C2 > cq. By the continuity of 
the one parameter family of measures {v'^\ it must be that /i = v'^° . 

If 7r(a;)/[l + 7r(a;)]^ < oo then we have three cases (i), (ii), and (iii) as given in the introduction. 
Theorem VIII. 2. 17 in IPS proves the first two cases so we will consider only (iii). If /i 7^ ^ 
then there exists an n G Z such that either jjL = i^'"' or z/*^") < fj, < If the latter is true then 

fj, concentrates on A = {7; : J2x£tV{x) < '^t^x^tI-^ ~ vi^)] < c«} for some T <Z S which means 
that it must be a mixture of stationary distributions for the Markov chains on A„ as described in 
the introduction. But /i G Xg so it must in fact be equal to some i^^"-* completing the proof. □ 

We include in this section two more results which have proofs similar to that of Theorem ll.il We 
first need the following definition: given transition probabilities p{x, y) define the boundary of a set 
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T to be 

dT = {x ^ T : p{x, y) > for some y E T}. 

Proposition 3.1. LetS he irreducible with respect to p{x , y) and suppose that^^'r:{x) /[I + 'i:{x)Y — 
oo. If there exists a sequence of increasing sets Tn such that U7^ = S and ezi/ier lim^^oo X^xeST "^i^) 
or lim„_+oo Saiear l/'i'l^;) — 0, then 2e = {v'^ : < c < oo}. 

Proof. Choose ^ E T^. If lini„_>oo X^ajGST '''(^) = then couple rjt with so that they have the 
measures and ly'^ respectively. If hm„^oo ^^^^^ 1/'!t{x) = then couple them vice versa. We 
will prove the case in which lim„^oo '^xedT, ""(s^) = 0- The other case follows similarly. 

By 



[p{x,y)+p{y,x)] fy^dv 
X! P{x,y) J {gxy - hya;)diy + ^ p{y,x)J{h 

xy 9yx 

)dv. 



r:eT„,y<^T„ 



Just as in the above proof, the left-hand side of this equation is increasing in n so that a limit exists 
as n ^ oo. The right-hand side above goes to as n — > oo since 



Pi^^y) i9xy-hyx)dv+ Y Piy,x) [h 

xy Qyx 

)dv 

x^r^,y^r^ xi^Tr^.y^T^ 

< Y p^^^y) j fydv+ Y p(y^^) / fy'^'^ 



yedT„ 



yedT,, 



yedT„ 



yedT„ 



Here C = sup^ '^^pix, y) which is finite by the assumptions in the introduction. 

Irreducibility now gives us J fxydv = for all x,y. The rest of the proof just follows that of 
Theorem O □ 

Note that if we change the hypothesis J2x'^i^)/i^ + 7r(x)]^ = oo to J2x'^i^)/i^ + tt{x)]^ < oo 
then Theorem VIII.2.17 in IPS says that le = {z^^"^ : < n < oo}. 

Corollary 3.2. // in Theorem \L1\ we replaced condition (01 with the condition that p{x, y) has 
finite range, \mix^+ooP{xTX + z) — qi{z), and lima;_+„oo 7r(x) equals or oo (or alternatively 
\\in.x^-oaP{x,x + z) = q2{z), and lim^j^+oo tt{x) equals or co) then the result still holds. 

Proof. Replace expression H12(l in the proof of Theorem II . II with 



1 

hm - 



n=l kGTjo „],j/>n 



qi{y - x) [g^y - hyx)dy + qi{x - y) / (hxy - gyx)du 



lim > 

a;GT[„.o],J/<m 



m — > — oo 



P{x,y) {gxy - hyx)diy +p{y,x) {h xy 9yx )dv 
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The proofs of Theorem II . 1 1 and Proposition 13. II imply that this expression is 0. The rest is proven 
above. □ 

Before moving on to the next section let us discuss what the above results tell us in the case 
where p{x,y) has finite range on Z. Proposition 13. II toerether with Theorem VIII. 2. 17 in IPS says 
that if lim|3.|^oo 7r(a;) equals or cx) then the reversible measures are the only invariant measures. 
If the limits lima;^oo t^{x) and limj;^_oo tt{x) exist and one of them is nonzero and finite, then 
the combination of Theorem 11.11 and Corollary 13.21 imply that the only invariant measures are the 
reversible ones. All together we have the following: if 7r(a;) exists and has limits in both directions for 
the finite range exclusion process on Z, then unless the limit is in one direction and oo in the other 
direction, the only invariant measures are the reversible ones. Of course, as seen in an example in the 
introduction, it is also possible to have lim.x^oo p{x, x + z) — qi{z) and \imx^-oo pix, x + z) = q2{z) 
as given in Theorem ll.ll and at the same time have the limit of 7r(a;) to be in one direction, oo in the 
other. In those cases Theorem 11.11 rules out nonreversible invariant measures. A similar comment 
can be made for Corollarv l3.2l We remind the reader, however, that if the transition probabilities 
are translation invariant with a drift so that the limit of t:{x) is in one direction and oo in the 
other direction, then Liggett(1976) tells us that {vp : < p < 1} is a class of nonreversible invariant 
measures. 



4 The nearest-neighbor process on Z 

We now restrict our attention to the nearest-neighbor case. More specifically, assume throughout this 
section that we are dealing with the irreducible nearest-neighbor exclusion process on Z {p{x, y) = 
if and only if |x — y| > 1). In this case, a reversible 7r(a;) always exists so we need not make 
this assumption. Similar to the discussion at the end of the last section, we will show that if 
'mi\^_y\^i p(x, y) > then the only possible nonreversible measures are in the case where the limit 
of tt{x) is in one direction and oo in the other direction. 

In order to prove the next two propositions we need the following lemma which appears in a 
slightly different form as Corollary 5.2 in Liggett(1976): 

Lemma 4.1 (Liggett). If mf^^^y^^i p{x, y) > andv G Xe; then exactly one of the following holds: 

(a) K('7,0 :'/ = e} = l, 

(h) v{{Tl,0--V<Lv^i} = l, 

(c) v{{fi.X)-i>tv^i}^^, 

(d) y{B) = 1, 

where B — {{f].X) : 3x £ Z such that ri{y) < ^(y) for all y < x,rj{y) < ^(y) for some y < x,ri{z) > 
^(z) for all z > x,r]{z) > ^(z) for some z > x}. 
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Proposition 4.2. If iui\x-y\=i Pi^, y) > and Tr{x) has some finite, nonzero limit point as x goes 
to oo and some finite, nonzero limit point as x goes to ~oo, then Xe = {v'^ : < c < oo}. 

Proof. The assumptions imply that J2x''^i''^)/i^ + 7r(a;)]^ = oo so Theorem 12.11 tells us le D {i''^ : 
< c < cxd}. We will show the reverse containment. 

Choose a sequence {uk} extending in both directions so that finite, nonzero limits of 7r(nfc) exist. 
For a measure ^ on {0, 1}^ the set of limit points L+ of {n{^{nk) = 1}, fc > 0} satisfies one of the 
following properties: 

(i) L+ = {1} or L+ = {0}. 

(ii) L+ = {1,0}. 

(iii) L+ contains some limit point between and 1. 

The same is true for the set of limit points L_ of {/i{C('^fe) = l}, ^ < 0}. 

Now suppose we couple i''^ with another extremal invariant measure fj,e, the two measures cor- 
responding to the processes rjt and respectively. Since Theorem 12 . II tells us that i^'^ is extremal, 
Section VIII. 2 in IPS implies there exists a coupling measure such that E 2^- 

If fie satisfies condition (i) for both L+ and L_ then there are two possibilities: either = L_ or 
7^ i_. Suppose first that = L_ — {1} for /ig. If in this case we have that iie{^{z) = 1} < 1 
for some z then we can choose c < oo large enough so that i>'^{r]{z) = 1} > /ie{^(z) = 1}. But 
this contradicts the assumption that h'''{r]{nk) = 1} = C7r(nfe)/[1 + C7r(nfc)] has limits less than 1 for 
k going to oo and — oo. To see this suppose the coupling measure satisfies i^(-B) = 1 as defined in 
Lemma l4. II Given 

< e < 1 - lim C7r(nfc)/[1 + C7r(nfe)] (15) 

we can choose K large enough so that 

1 — e < ^{{ri, ^) : 3x < K such that ri{y) < ^(t/)Vy < x, r]{y) < ^(y) for some y < x, 

vi^) ^ C(-2)Vz > x,rj{z) > ^(z) for some z > x}. 

This, however, contradicts i+ = 1. Similarly we cannot have that I'iirj,^) : ^ = 1. So 

Lemma [4.11 tells us that r/ < ^ which contradicts i''^{ri{z) = 1} > /ie{^(2;) = 1}. It must be that 
/ig = A similar argument shows that if L-|- = L_ = {0} for fi^ then fi^ — v'^ . 

Consider the second case where L_ 7^ without loss of generality we will assume that L_ = {0}. 

We claim that given e > 0, we can find n such that iJ.e{£,{n) = 0} < e and /ie{^(ri + l) 0} < e. To 
see this suppose that for some e > there exists no n for which this is true. Then since L+ = {1}, 
there are infinitely many a; > for which fi.e{£,{x) = 0} < e/4 and infinitely many y > for which 
t^e{S,{y) = 0} > e. Choosing v'^ so that limfc_,oo C7r(nfe)/[1 + C7r(nfe)] = 1 — e/2 gives us a contradiction 
to Lemma l4.1l and thus proves the claim. 

Given the same e > we can choose m < n so that /Xe{^(m — 1) = 1} < e. Since we have that 
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V eie then / ^iJ2xeT f^)<^^ = c'ach finite T C Z. By (P|l . 



X! {p{x,y)+p{y,x)) j fy^dv (16) 



p(a;,y) / (g-xy - hyx)dv + p{y,x) / (/i 



E 

a;— m or n,y—m — l or n+l 

which is increasing in n and — m. 

Due to our choice of m and n above, J hn^n+idv < e and //e{^(m — 1) = 1} < e; moreover 
P{A) - P{A n 5 n C") < P^B") + F(C"=) imphes that v''{ri[n + 1) = 1, ri{n) = 0} - / gn+i,ndv < 2e 
so that 

{p{x,y) +p{y,x)) / /yojdi' 



< p{n,n + l) J gn,n+idiy - p{n+ l,n) J g^+i^ndiy + 

< p{n,n + l)iy''{ri{n) ^ l,ri{n+ I) = 0} 

- p{n + 1, n)j/'={?7(n) = 0, ?7(n + 1) = 1} + 5e. 

By the reversibihty of h''^ 

p{n, n + l)z^'^{?7(n) = 1, 77(71 + 1) = 0} = p(n + 1, n)i''^{7]{n) — 0, rj{n + 1) = 1} 

so equation (|16|l is in fact equal to 0. Since we have assumed here that L_ = {0} and = {1} for 
/Xg, then choosing < c < 00 gives us a contradiction. 

Suppose /ie satisfies condition (ii) for cither or L_ so that cither = {0, 1} or L_ = {0, 1}. 
Choose ly'^ with < c < 00. Again we contradict Lemma [4. II 

Combining aU the above arguments we have that either /ig = z/", /ig = v°°, or He satisfies (iii) in 
some direction. Assuming the latter we can, without loss of generality, choose < Cq < 00 so that 

lim co7r(nfc)/[l + co7r(nfc)] lim ^e{^(nfej = 1}. 

k — yoQ I — >oc 

For all c > Co, 

lim C7r(nfc)/[1 + C7r(nfe)] > lim /^^{^(nfcj = 1}. 

k — >oc I — *oo 

By Lemma l4 . II either /ig < v'^ or i^(i?) = 1 where B is defined in the lemma. Similarly, for all c < cq, 
either fi^ > J^*^ or i^{(?7,^) : (CtV) ^ ^} — 1- Combining these two arguments gives v'^^ < fJ-e ^ v"^^ 
for all ci < Cq < C2. By the continuity of the one parameter family of measures v'^, ^e — i^'^"- CH 

Proposition 4.3. If mi\^_y\^i p{x, y) > 0, Imix^oc "^(x) — 00, and t:{x) has a finite, nonzero limit 
point as x goes to ~oo, then Xe — {v'^ ■ < c < 00}. 

Proof. Again, by Theorem 12. II we need only show that Xg C {i''^ : c G [0, cxo]}. 

We argue first that without loss of generality we can assume the limit points of {tt{x),x < 0} 
are bounded above. Assume to the contrary that cxd is a limit point. Then for any i? > we can 
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find X < —R such that min(7r(x), 7r(a; + 1)) > R since inf|a;_j,|=ip(x, y) > 0. The conditions of 
Proposition 13.11 are then satisfied so that 2^ = {v'^ : c G [0,oo]} holds. We will therefore assume 
throughout the rest of the proof that the limit points of {7r(a:), a; < 0} are bounded above. 

Couple v'^ with another extremal invariant measure /ig, the two measures corresponding to the 
processes rjt and ft respectively. As argued above there exists a coupling measure such that v ^X^. 

Let L~ be the the set of limit points of {/Lte{^(a;) = 1}, a; < 0}. Note that L~ is slightly different 
from L_ described in Proposition l4.2l in that L_ is the set of limit points for a subset of {/ie{C(2;) = 
l},x < 0}. L~ satisfies one of the following properties: 

(i) contains some point between and 1. 

(ii) i- = {i,o}. 

(iii) L = {1}. 

(iv) L- = {0}. 



The same is true for the set L+ of limit points of {/ie{^(a;) = 1}, a; > 0}. 

Suppose L~ satisfies (i). Choose a sequence a;„ — oo so that < lim„^oo MeiCC^^n) = 1} < 1 
exists. Since we can assume that the limit points of {7r(x),a; < 0} are all finite, there exists a 
subsequence such that limfc^oo ''■(a^nj.) < exists. 

Consider the two cases where limfe^oo "^i^^n^ ) ~ and where limfc_^oo ''■(a^nt ) > 0. Assume the 
latter case first. Choose < co < oo so that 

lim co7r(x„J/[l + co7r(a;„j^)] = lim /ie{^(a;„) = 1}. 

k — *oo n — *cxD 

For all c > Co, 

lim C7r(a;„j/[1 + C7r(a;„J] > lim iie.{i{xri) = 1}. 

Using the argument at the end of the proof of Proposition 14.21 we have that for all ci < cq < C2, 
v'^^ < A*e ^ v'^^ ■ Consequently, it must be that [i^. — v^'^ . 

Now assume that limfe_,oo T^i^uk ) = so that for all < c < oo the coupling satisfies either 
v'^ < He or i^lB} — 1 where B is given in Lemma [4. II If i^^ < /ie for all < c < oo then /ig = a 
contradiction to satisfying (i). So it must be that i^{B} = 1. 

We claim that for any r < 1 there exists m < such that ij,e{£,{m) — 1} > r and /ie{^(TO — 1) = 
1} > r. By the hypothesis of the theorem we can choose a sequence {xi} going to — oo so that 
< limj^oo 7r(xi) < oo exists. If inf|^_j^|=ip(a;, y) > p then choose c so that 

cpTr{xi) 1 - 
hm — r- > r H . 

Z-+00 1 + cp-K{xi) 2 

Since 7r(a;; — 1) > pT:{xi), it follows that the set of limit points of { i+ctt^T-i) ' ^ bounded 
below by r + Now since v{B} — 1 there exists a K such that I > K implies He{£,{xi) = 1} > r 
and fj,e{S,{xi — 1) = 1} > r which proves the claim. 
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Since we have that v die then J ^^(X^ajeT fx)dv = for each finite T C Z. By (|10|l . 

= X] P{x,v) j {gxy- hy^)dv +p{y,x) j {h^y - gy^)dv 

x—m or n,y— m — 1 or n+1 

which is increasing in n and — m. 

Using the claim above along with the fact that linij^—too 7r(x) = oo, we can argue just as we argued 
in the case where L_ ^ L+ of (i) in Proposition ^21 to get 

X! {p{x,y)+piy,x)) J fyxdv 

< p(TO,m-l) j gm,rn-idv ~ Pim - l,ni) j gm-i,mdi' + 

< plm, m — {ri{m) = 1, 77(771 — 1) = 0} 

— plm — 1, m)iy'^{ri(m) — 0, 7^(771 — 1) = 1} + 5e. 

By the reversibility of the left-hand side is just 5e, but this contradicts i^iB} — 1 for small e. 

Suppose satisfies condition (ii). Choosing v'^ with < c < 00 gives us a contradiction to 
Lemma 14.11 

If L~ satisfies condition (iii) then we will handle the two cases (a) = {1} and (b) L'^ 7^ {1}. 
Consider case (a) first. If we switch the coupling so that corresponds to rjt and corresponds 
to then we have that the left-hand side of the following inequality goes to 0: 



J2 (Pix, V) + P{y. x)) j fydV > (17) 

\x\—n.\y\—n^l 

p{x,y) j {gxy-hyx)du+ ^ p{y,x)J{h xy gyx 

)dv 

n,|y|— n+1 n+1 

By (jlOf) and by irreducibility we get J fxydv — for all x, y. Therefore the measure /ie must lie 
stochastically above all v'^ for all finite c and must therefore be equal to v°° . 

If (b) holds then we refer the reader to the argument given above in the case where L~ satisfies 
(i) and limfc^oo T^ixn^) = 0. 

Finally suppose that (iv) holds so that = {0}. If satisfies (i) or (ii) then by Lemma 
14.11 /ie < for all c > so that — v'^ , & contradiction. If i+ satisfies (iv) then similarly 
/ie = v'^ . Let i+ satisfy (iii) so that — {1}. For a given z choose c small enough so that 
v^{rj{z) = 1} < iie{i{z) = 1}. We thus have that v{{rj,^) : (^,77) G B} = 1 as given in Lemma f4. II 
But by H1U|) and (|17|l . for a given e > we can find —m and ?i large enough so that 



X! {Pi^^y) +P{y,x)) / fyxdi^ < e 



mKxKrLjyGl 

which of course contradicts ^{{f]^£,) '■ (^,^) £ B} = 1. □ 
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Proof of Theorem ] 1. ISA Note first that since iiii\.j._y\^ip{x,y) > then it cannot be that £~ or 
>C+ is equal to {0,00}. In hght of this fact, if either C~ or C'^ contains a finite, nonzero point 
then Proposition 14.21 and analogs of Proposition 14.31 imply there are no nonreversible measures. 
If >C+ = = {0} or = = {00} then Proposition 13.11 implies there are no nonreversible 
measures. □ 



5 A result concerning domains of attraction 

Theorem 5.1. Let + '^i^)]'^ — °^ '^'"^'^ lo he a probability measure on [0,oo]. Also, 

assume that is a family of invariant measures indexed by c > each of which is in T^. Suppose 
{/Zc} is a family of probability measures on {0, 1}'^ such that for each < c < 00, fic is absolutely 
continuous with respect to Vc- If 



/X = y fj,cUj{dc) and V = j Vcijj{dc) (18) 
then liniT^oo Jq nS{t)dt exists and is equal to v. 



Proof. For a fixed c we first prove that 



1 



lim - / ^i^S{t)dt = v^. (19) 



By the compactness of V we can choose a sequence of times such that 

lim — / HcS{t)dt (20) 

n^oo tn Jo 

converges in distribution to some measure A. Pick a continuous (and therefore bounded) function / 
on {0, 1}'^ with 11/11 < 1 and let g be the Radon-Nikodym derivative of /^c with respect to i/c- Given 
e > we have that for n large enough 



1 



tn Jo 



{S{t)f)gdv,dt- / /rfA| <e/3 



We can choose a simple function 

N 

g = ^cfelfi, 

/c=l 

approximating g such that yJkEk = {Oi Ij'^i 5 > 0, / gdvc = 1, and ^ \g — g\dvc < e/3. Since 
||5(i)/|| < 11/11 < 1 this gives us 

1^ r l{S(t)f)gdv,dt-^ /*" [{S{t)f)gdv,dt\< f \g - g\diy, < e/3. 

tn Jo J tn Jo J J 
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Without loss of generality we can henceforth assume that Vc{Ek) > for each k. Define the 
measure /ifc concentrating on Ek by letting 

MA) 



MEk) 



for all A C Ek and jik — ^ otherwise. If we think of g as the Radon-Nikodym derivative of some 
measure Ae with respect to Vc then we can write 



N N 



Vc{Ek)^ik = Vc and ^ CkVc{Ek)f^k = K- 

k=l k=l 

We can now find a subsequence {in,} such that the following limits exist for each k: 

1 

hm — / ^kS{t)dt = Vk. 

l^co tni Jo 

Moreover, Proposition 1.1.8 in IPS tells us vj- € T. Since is extremal invariant and since 
Sfc>i Vc(Ek)vk = Vc, it must be that = Vc for each k. This then yields 

^ 1 rt. 



which gives us 



'S2ckVc{Ek)vk = lim /" X^S{t)dt = v, 



It^ l{S{t)f)gdvcdt- f fdvc\<e/3 

tni Jo J J 



for I large enough. 

Combining the three inequalities we have 



fdX- fdvc\ < e. 



But e > is arbitrary so it must be that J f dX — J f dvc for each continuous / with ||/|| < 1 which 
implies that (|20|) is equal to Vc- Now let M„ be the closure of the set of measures 



{^^ p^cS{t)dt:T>n}. 



Using the compactness of V along with the fact that {in} is an arbitrary sequence of times causing 
convergence in (f^ . we have that PlnGN = proving ((T^ . 

To finish the proof note that since ||S'(i)/|| < ||/||, we can use the Dominated Convergence 
Theorem together with Fubini's Theorem to show that 



1 



xj J I ^Wf'^t^ci^idc)dt^ I f dv. 



□ 
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For the following corollary let i^a be the product measure with marginals < Vaiv '■ vi^) = 1} = 
a(x) < 1 for a{x) a function on S. 

Corollary 5.2. Suppose E:c^i^)/{^ + ^i^)? = ^/Ex - TT^\ < °° ^'^^^ 

hm 1 / ,.„S{t)dt = (21) 

Proof. Let = ^f^^^^i = inin[a{x), f3{x)], and M^; = max[a(a;), /3(x)]. We then have 

1 - \a{x) - j3{x)\ = 

= [(l-M,)(l-M,)]i/2 + (^,^^^)i/2 

< [(l-M,)(l-m,)]i/2 + (^^Af,)i/2 

= [(1 - a{x)){l - p{x)p^ + {a{x)l3{x))'/\ 

Since J2x ~ < 0° then 

Yi{{oc{x)li{x)fl'' + [(1 - a(x))(l - > - - mW > 0. 

X X 

An application of Kakutani's Dichotomy tells us that Va is absolutely continuous with respect to v'^ 
which completes the proof. □ 

We remark here that if a{x) and I5{x) are both bounded away from and 1 then Kakutani's 
Dichotomy tells us that Ex[^(^) ~ /^(^)]^ < oo is a necessary and sufficient condition for z/« to be 

absolutely continuous with respect to (e.g. page 245 of Durrett(1996)). 
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